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Abstract. The computer simulation problem of the dynamics of elastic tube serpentines with internal flows of boiling liquid is set up. The clots motion  model of the non-homogeneous boiling liquid is proposed. The numerical solution technique of the constructed equations  based on the use of an algorithm for numerical integration in time and a method of the transfer matrix.





The dynamics of pipes for transporting liquid has long been the subject of extensive research, since it is taken into account in the calculation of pipelines and serves as a practical example of the dynamics of non-conservative systems. However, most studies concern the stability and vibrations of straight pipes. Theoretical fundamentals of the dynamics of curvilinear pipelines have been developed little. Therefore, the present work is devoted to curvilinear pipes.

Figure 1. Design scheme of a tube spiral with  moving fluid clot flows 

Tube rods in the shape of screw cylindrical spirals (Fig.1) interacting with internal movable (liquid) medium have gained wide application in technology as manifolds of heat exchangers in nuclear and heat power stations, in hydraulic systems of air- and spacecrafts, in pump units, etc.
The spiral shape of the tubes allows both the enlargement of the heat acceptance surface and the intensification of the heat acceptance, to compensate to essential temperature deformations of the structure. Liquid inside a tube, on being heated, begins to boil and transforms into water-vapour mixture. In response to the interaction between the internal flow of boiling liquid and the curvilinear tube, complicated static and dynamic effects are generated, which appear under the influence of forces acting on the tube from the flow side and which are accompanied by exchange of the potential and kynetic energies, as well as by static or dynamic loss of stability.
The forces initiating the effects incorporate the tangential forces of viscous friction dependent on the liquid viscosity and its velocity, as well as the centrifugal inertia forces normal to the rod axial line. The intensity of the latter is proportional to the moving liquid element mass, square of its velocity and curvature of the tube segment. Moreover, the Coriolis inertia forces are generated as a consequence of interaction  of rotational and linear motions. On exposure to these forces, the tube structures begin to be involved into dynamic processes, analogous to the phenomena proceeding in elongated structures subject to action of moving loads and masses. The peculiarities of the dynamic behaviour of this type of structure are connected with the effects, that in these cases the elements of moving masses take part in several types of motion simultaneously and are exposed to the action of inertia forces which depend upon the element position, and gyroscopic inertia forces conditioned by interplay of rotation and linear components of motion. As this takes place, the modes of the elastic system vibrations become more complicated, inasmuch as the phases of vibrations of its elements diversify, modes of its periodical motions cease to be steady, the node points begin to move and the vibration mode assumes the shape of a running wave, following motion of movable masses. Note also, that permanent varying of the considered elastic system mass geometry occurs at the flowing of the boiling fluid inside its channel, which is accompanied by change of its frequency spectrum. For this reason, in this case two sources of vibration generation come into being. The first one is connected with parametric generation, provoked by periodic variation of the system parameters (its mass geometry). The second source is excitation of purely forced vibrations, induced by action of the inertia forces of movable fluid masses, which play the role of active forces in this case. By virtue of the fact that, owing to the absence of the spectrum of natural frequencies, the elastic system loses the mode of natural vibrations and the possibility to study it by the methods of spectral analysis is excluded. The most suitable methods for its investigation turn out to be the numerical methods of its immediate computer simulation.
The questions of analysis of dynamic behavior of rectilinear tubes with internal continuous flows were studied in [1, 4, 8, 9]. Influence of elastic foundation on the tube flutter was investigated in [3, 7]. Dynamic instability of rectilinear tubes with unsteady discontinuous flows was considered in [6]. Below the analysis of tube serpentine vibrations excited by nonstationary discontinuous internal flows, simulating boiling fluid, is performed.
Differential equations of the spiral tube motion
To describe the dynamics of the tubular serpentine, it is convenient to use jointly internal and external geometries, applying the first to individualize the points of the curvilinear tubular rod and moving liquid clots, and the second to describe its geometry in the deformed state.
The internal geometry of the rod is specified by the coordinate, measured as the length of the axial line from the initial to the current point, and a moving right-handed coordinate system , the orientation of which at every point of the tube axial line is rigidly connected with the examined cross-section. The origin of this system lies at the center of gravity of the cross-section area, the  and  axes are directed along the principal central axes of inertia of the cross-section area, and the  axis is directed along the tangent to the elastic line. In this case the coordinate  is a concomitant one. The external geometry of the rod determinates the location of each of its points and the entire elastic line in the fixed inertial coordinate system .
The Frenet natural trihedron of the elastic line of the rod with unit vectors of the principal normal , binormal  and tangent  is introduced.
The equations of bending an elastic tubular rod with distributed forces  and moments  are written in the form of the system of equilibrium equations [5]
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equations of elasticity 
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and equations of kinematics 
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where ,  are the vectors of the internal forces and moments with components , ,  and , , , respectively;  is the radius of curvature;  is the torsion radius;  is the radius vector of the points of the axial line; , ,  are the parameters of the flexural and torsional stiffnesses; , ,  are the curvatures and torsion of the axial line in a deformed state; , ,  are the similar values of the undeformed spiral;  is the elasticity module of the rod material;  is the shear module; ,  are the inertial moments of the rod cross-section;  is the polar inertia moment;  is the Darboux vector which equals .
In deduction of equations (1) it is taken into account that they are written out in the  coordinate system, which changes from a point to point, so the total derivatives  and  are calculated through the use of the equalities
,  
which stem from the Euler’s equalities known in classical mechanics. Here  and  are the local derivatives. So the vectors , , ,  and  have the components , , , , , , , , , , ,  and , ,  correspondingly.
If the axial line of the rod is preset by the equalities
, ,                            (4)
its geometrical characteristics can be determined via the formulae 
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Here  is the angle between the  unit vector and the  axis, the superindex prime denotes differentiation with respect to .
It is useful also to remember, that the equations of kinematics are not independent, inasmuch as they have six first integrals
, , ,                (6)
issuing from the condition of the Frenet basis orthonormality
It is further assumed that with the selected system parameters, the tubular coil will accomplish small vibrations that can be described by linear differential equations. These equations can be relations (1) linearized in the vicinity of an initial undeformed state. One can write them in scalar form, having eliminated the vector  from them by means of first-integral formulas:
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Now on the left-hand sides of these equations, the derivatives with respect to  are partial, since the terms , ,  contain derivatives with respect to time .
Simulation of the inertia forces of the boiling liquid
To determine forces generated by a boiling liquid, it is necessary to elaborate a model of dynamic interaction of the spiral tube and liquid moving inside it. As experimental studies carried out in connection with analysis of boiling fluid motions in glass tubes heated on the outside testify, at some thermodynamical states and values of geometrical and mechanical parameters of the system there appear the cases of the so-called slug flows. They reside in the fact that in the tube heat-exchanging systems the regimes of fluid boiling are possible, when the generated vapour-water mixture is not homogeneous but consists of some fluid and vapour segments alternating and moving at high velocities. As the mixture flows, the process of boiling continues, thus the lengths of the tube segments filled with a fluid (called fluid clots) are decreasing and the lengths of cavities filled with a vapour (gas slugs) are increasing. In this case their velocities considerably increase.
The observations made on heated glass spiral tubes show that the lengths of fluid clots change from approximately 10 internal diameters of the pipe on their formation to a zero on a complete evaporation, and the volume of a fluid, as it evaporates, increases tenfold. On boiling, the volume of gas cavities can change from a zero to 50 diameters of the pipe and then, as a result of clot evaporation, they merge.
In studying the dynamical interaction between an elastic pipe and an inner flow, T.B.Benjamin [1] showed that viscous friction forces occurring during flow appeared to be relatively small. As these forces are directed along the axis line of a pipe, they may be neglected in investigation of its transverse vibration. Thus, the fluid is assumed to be perfect and, while investigating its influence on the dynamics of the tube, only its inertial properties will be taken into consideration. In investigating the problem of vibrations of a pipe with an inner nonhomogeneous flow, the motion of a fluid element along a vibrating and dynamically bending pipe-line will be considered. Calculation will be made of its acceleration in the direction perpendicular to the pipe axis and determination of the inertial force acting on the fluid element and transferring to the pipe walls.
In the calculations, the distributed moments of external forces  are ignored. The role of the vector of external forces in this case is played by the summarized vector  of the inertial-forces vector  and friction forces vector . Since a fluid element accomplishes compound motion, its absolute acceleration  is calculated by formula
                                           (8)
Here,  is the vector of the reference-frame acceleration of the fluid in its movement with the tube. Therefore,
, , .                                 (9)
The acceleration  of the fluid element caused by its motion in the curvilinear channel of the tube is relative. The vector lies in a contiguous plane; therefore, it is conveniently represented in the axes of a moving trihedron 
.                         (10)
In the considered case , but this term is not taken into account, as the inertia force connected with it is not applied to the tube walls.
The Coriolis acceleration  is due to interaction of the rotational motion of the tube when it vibrates and the relative motion of the liquid in it. It is calculated as

The vector  determines the angular velocity of rotation of the trihedron , ,  in the  system. It is expanded in the components of the unit vectors
,
,        (11)

Knowing the total acceleration , one finds the inertial force acting on the fluid element
                                                 (12)
For a tube element, one has
                       (13)
The sum of  and  gives the total inertial force acting on a coil element with liquid
                                                   (14)
After corresponding transformations the  vector projections on the axes of the movable coordinate system  can be represented as follows:

 (15)
Note, that here  denotes the mass of the unit length of the flow. Depending on the type of the medium fraction, which is located at the considered point of the tube channel, it can be associated either with the liquid density or with the vapour density.
If the external friction forces  are taken into account their components are represented in the form
,  ,  ,
where  is the friction coefficient.









To calculate the forces , , , one must take into account discontinuities in parameters of density and inner flow velocities of the liquid-vapour mixture, and assign the law of the fluid clot flow and the vapour-filled cavities motion in its channel proceeding from the condition of preserving the overall vapour-water mixture flow mass rate at the inlet and outlet. The model for changing the flow parameters of motion is formed assuming that the clots of length  enter the channel with a velocity of . At the inlet, a gap between two neighbouring clots is equal to zero. During the motion caused by boiling, the length of a clot varies as  and decreases at the rate of . As a result, the lengths of the spaces (cavities) between clots increase at the rate of . The volume of vapour in a space is considered to be  times as much as that of a fluid from which it was formed, therefore the relation  is performed between the densities of the fluid and the vapour.
As the volume of the space of a cavity increases, the velocity  of the -th clot increases relative to the previous one as . The velocity of vapour in the cavity between clots is assumed to be distributed linearly.
The system of equations (7) and (17), along with the corresponding boundary and initial conditions, determines the dynamics of a curvilinear tube with internal fluid flow. Underline its total order with respect to variable  equals 15. But inasmuch as it has three first integrals, only 12 boundary conditions should be formulated at the edges , , as additional 3 boundary conditions issue from the first integrals.
The technique of solution
With the aim of reducing the system of equations (7), (17) with partial derivatives relative to the independent variables ,  to the system of ordinary differential equations relative to the variable , use an implicit time finite difference scheme (the Houbolt method), according to which the derivatives relative to time at the  time moments are substituted by their four-step finite-difference analogs [5]
,
     (18)
where  is the time increment. Its value is predetermined by the condition of the calculation convergence.
Assume, that at the time instants , ,  the deformed states of the tube system are known. Then substituting the derivatives by  in (7), (17) by finite-differences (18), one gains the system of ordinary differential equations of the 15th order at the time instant . This system is rewritten in the general form 
 .                               (19)
Here  is the 15-dimensional vector of the unknown functions;  the independent redenoted variable  changing within the limits of ;  the spiral length;  the known discontinuous matrix-function of the independent variable ;  the preset vector of right members determined by the known solution functions at previous steps in time.
It should be noted that the deformed state of the tube system at the  time instant in (18) is determined through application of equation (19) at  using the deformed states at the previous time instants , ,  and analogously is done for the states at  and  in (18). The tube system states at ,  and  are found via the use of appropriate initial conditions at .
The solution to (19) must be subjected to boundary conditions at the interval bounds, which are predetermined at the beginning  and at the end  of the integration interval.
They are represented in the general form as
, ,                                 (20)
where matrices  and  measure ().
Notice, that the number 12 of boundary conditions (20)is not equal to the system (19) which is of order 15. This is associated with the availability of the systems first three integrals which complement the number of boundary equations making a total of 15.
For constructing the solution , 6 components  are chosen from the   components, any values  of which don't violate the first equation (20) and the three first integrals at zero values of the other components. After renumbering the unknown values   in such a way that the index  could take on the values , the solution to problem (19), (20) can be given as [6]
 ,
where  is the solution to the Cauchy problem for system (19) at zero initial conditions,  is a () matrix of particular solutions  to the homogeneous matrix differential equation
                                          (21)
with initial conditions   for independently modified variables, and with initial conditions chosen from the first equation of system (20) and three first integrals for the other variables  .
Here  is the Kronecker symbol.
The vector of the constants  is chosen so that the equality
 
following from the second conditions of system (20) could be satisfied.
The construction of the matrix- function  and the vector-function  is made by integrating equations (19) and (21) by the fourth order Runge-Kutta method. The peculiarity of using such an approach is that due to the presence of large factors in the coefficients of system (7), it is rigid and there are rapidly growing functions among its particular solutions. Therefore in constructing the matrix of its fundamental solutions, the method of discrete orthogonalization by Godunov [6] is additionally used which makes it possible to obtain a stable computational process by orthogonalizing the vector-solutions to the Cauchy problems in the finite number of argument change interval points. Its essence is in the fact that the integration interval is divided into sections, and the numerical integration of the initial differential equation is carried out on each of these sections in the same way as in using the method of transfer matrix. The lengths of the sections are such that the particular solutions to a homogeneous equation within the limits of one section could remain linearly independent. When passing from one section to another, the matrix of the solutions is subject to linear transformation so that the vectors of particular solutions of the homogeneous and nonhomogeneous equations become orthogonal. Thus it is possible to preserve the linear independence of the equation solutions in the whole interval of integration. To avoid excessive increase of the numerical values of the nonhomogeneous equation solutions, the normalization factor is introduced at the section boundaries.
The investigation results
The procedure for solution of a system of equations (7), (17) with partial derivatives employs the Hubolt implicit difference scheme, which is distinguished by enhanced accuracy for its integration with respect to time [5]. It is used to construct a step-by-step process in each step of which a two-point boundary-value problem is solved for the 15th-order equations with independent variable s that have three first integrals. Since some of the coefficients of this system have small divisors equal to the squares of the steps of integration with respect to time, this system is rigid and rapidly increasing functions are among its partial solutions. It is therefore solved by the joint application of the transfer matrix method, the discrete-orthogonalization method [2, 5] and the Runge-Kutta method.
In the initial undeformed state, the axial line of the tubular coil is determined by the equations
,,                                                       (22)
where  is the radius of the cylindrical surface of the coil and  is the angle of ascent of the coil.
They are used to calculate the components of the unit vectors of the moving trihedron
, , ,
, , ,                   (23)
, , 
and the parameters of curvature and torsion
, ,                             (24)
Relations (23) and (24) are used to calculate the coefficients of equations (7).
The above-described procedure was employed to study the vibrations of two types of steel tubular spirals. The first type tubes have the following characteristics : number of coils ; ; ; the curvature and torsion parameters , , . For the tube of the second type these parameters comprise : ; ; ; ; . For both tube serpentines, flexural stiffness ; torsional stiffness ; outside diameter of circular section of tube ; wall thickness of tube ; mass per unit length of flowing liquid (water) ; mass per unit length of tube 
It is impossible to determine beforehand the period in which the tubular coil will respond to the inertial forces of the internal flow. The nature of the dynamic response of the coil is established after analysis of the calculation results.
Eight problems were solved in each case for the selected values of the parameters, which were different by the lengths  of the water clots and of the cavities.




















































It was established in consequence of the result analysis that critical values  of the velocity of a water clot entering into the tube could be achieved when the amplitude of the spiral chatter began to enlarge indefinitely. In doing so, as the clot motions are not absolutely periodic, conventional periods  of conventional resonances of the tube vibrations can be established for every element of the spiral. Usually these values are different for the directions  and . It can be seen from it that there can be several critical values  or even unstable segments for the velocity  and that  enlarges when  diminishes. 
It is necessary to note that an increase in clot velocity increases not only the frequency of clot action on the structure but also the intensity of the inertial forces, which is proportional to the square of the velocity. Unlike in ordinary vibrational systems, therefore, the spiral vibrations can again be unstable in supercritical states, when  is larger than the first critical value.













The problem of computer simulation of tube spiral vibrations under action of internal flows of boiling fluid is considered. A mathematic model of dynamics of the elastic serpentine is elaborated with allowance made for a discontinuous distribution of the parameters of the internal flow caused by the process of its heating and boiling. The action of inertial forces of positional and gyroscopical types is taken into account. The analysis of the results obtained for different values of the parameters of the flow nonhomogeneity and velocity makes it possible to make the following conclusions:
1. The nonhomogeneity of the inner fluid flow manifests itself both in the nonhomogeneity of centrifugal inertial forces acting on the pipe in the transverse direction and in the change with time of the system general mass geometry. In this connection purely dynamical and parametrical excitations of vibrations take place.
2. The possibility of establishment of stable and unstable regimes of motion is found out, which depend on the character of nonhomogeneity and velocity of the fluid clots and the rate of their evaporation.
3. The spatial modes of forced vibrations of the tube spiral are constructed. It can be noted that the centrifugal inertia forces normal to the elastic line of the curvilinear rod and the Coriolis inertia forces caused by slewing and rotation of the rod cross-sections lead to expansion and intricating of the vibration modes. Besides, generation of combined modes including longitudinal, bending and torsional modes followed by condensation and rarefaction of the spiral coils as well as by the enlargement and diminution of their diameters is peculiar to the studied regimes.
4. The influence of external friction forces on the tube forced vibrations is analysed. It is noted that these forces lead to displacement of critical values of the fluid velocities and to change of the vibration amplitudes.
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